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. Abstract. We collect and extend results on the limit of a^~''{l — 

^ I ^)'^l^lf+crp n as fj — > 0+ or (7 — > 1^, where fl is R" or a smooth bounded 

^ ■ domain, k € {0,1}, I G N, p £ [l,oo), and | • |!+cr,p,n is the intrinsic 

semi- norm of order ^ + cr in the Sobolev space W''~^°''P{^1). In general, the 
above limit is equal to c[f]^, where c and [ • ] are, respectively, a constant 
I and a semi-norm that we explicitly provide. The particular case p — 2 

i for = M" is also examined and the results are then proved by using 

the Fourier transform. 
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1. Introduction 

Bourgain, Brezis and Mironescu (cf. ^l6j) proved that, for any p G [1, oo) 
and any v belonging to the Sobolev space W^''^{Q), 

(1.1) lim (1 - aMvl^^n = V~^K„„ [ \Wv{x)\p dx 



where Q is either M" or a smooth bounded domain in M", with n > 1, \ ■ \a,p,n 
' is the intrinsic or Gagliardo semi-norm of order a in the Sobolev space 

VV^'P^fl) (see Section E] for the precise definitions), and Kp^n is a constant 
that only depends on p and n. Likewise, Maz'ya and Shaposhnikova [T^ 
showed that 

(1-2) Mm a\v\l^„ = 2p^^\Sn^i\\v\l^n, 

' where 5'„_.i stands for the unit sphere in M" (i.e. S'„_i = {a; G | \x\ = 1}) 

^ and |S'„_i| is its area. 

These results have been extended and completed by several authors. 
Let us quote, for example, Milman [13], who placed them in the frame 
of interpolation spaces, or Karadzhov, Milman and Xiao [2], Kolyada and 
Lerner [TU] and Triebel [2] , who generalized them in the context of Besov 
spaces. 

Our interest in this subject comes from the study of sampling inequalities 
involving Sobolev semi-norms. In [4j, we have extended previous results 
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(cf. [21E]) in order to allow fractional order Sobolev semi-norms on the left- 
hand side of sampling inequalities. We have then realized that the complete 
comprehension of the constants involved in sampling inequalities needs an 
understanding of the asymptotic behaviour of the corresponding fractional 
order Sobolev semi-norms. In fact, we need extensions of f 1 1.11) and (11.21) 
having the following form: 

(1-3) \^^y-\i-<yfH+.,,,n = c[vr, 

where £ = 0"'" or 1^, Vt is or a smooth bounded domain, k G {0,1}, 
/ G N, p G [1, oo), and | ■ \i+a,p,Q. is the intrinsic semi-norm of order / + o" in 
the Sobolev space W^^'^^'^iVL). On the right-hand side of (II. 3p . the notations 
[ ■ ] and c stand, respectively, for a semi-norm and a constant to be specified. 

The first part of this paper will be devoted to establish (11.31) . Most of 
the work may be routine, but anyway we find it useful to collect and state 
in one place this kind of results and to provide explicit expressions of the 
constants and semi-norms involved in the limits. 

In the second part of the paper, we shall focus on the case p = 2 and 
fl = M". We show that 01.31) can be obtained by means of the Fourier 
transform. This line of reasoning was suggested in [3, Remark 2] starting 
from a result by Masja and Nagel [TT]. As a by-product, for m G N and 
s > 0, we establish a relationship between the Sobolev space W^^^^'^lMJ^) 
and the Beppo-Levi space X"*'*, which is a space that arises in spline theory 
(cf. [H Chapter I]). 



2. Preliminaries 

For any a; G M, we shall write [a;J for the floor (or integer part) of x, that 
is, the unique integer satisfying [xj < x < [a;J + 1. The letter n will always 
stand for an integer belonging to N* = N \ {0} (by convention, G N). The 
Euclidean norm in M" will be denoted by | ■ |. 

For any multi-index a = (ai, . . . , q;„) G N", we write |a| = ai + ■ ■ ■ -|- a„ 
and d" = d^"^ / (j^x"^ ■ ■ ■ dx'^"^ , Xi,...,Xn being the generic independent 
variables in M". In addition, given / G N and x = (xi, . . . ,x„) G M"", we 
write (J^ = l\/{ai \ ■ ■ -aj.) and x'^ = x"^ ■ ■ -x^". We shall make frequent 
use of the relation 




,2a 



valid for any / G N and x G M". 

Let Q he a, nonempty open set in M". For any r G N and for any p G 
[1, oo), we shall denote by W^'^i^Q) the usual Sobolev space defined by 

W''P{Q) = {ve LP{Q) I Va G N", |a| < r, d^'v G LP{Q) }. 

We recall that the derivatives d'^v are taken in the distributional sense. The 
space W^'P{Q) is equipped with the semi-norms | • \j,p,n, with j G {0, . . . , r}. 



\v 



r,p,n= E L.^ U_..ln+.(r-lrl) dxdyKCG. 
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and the norm || • ||r,p,n given by 

[Y. \d"v{x)Ydx] and ||^||,,,,a= El^ILn ■ 

\\a\=j''^ J \j=0 J 

For any r e (0, oo) \ N and for any p G [1, oo), we shall denote by W'^''P{il) 
the Sobolev space of noninteger order r, formed by the (equivalence classes 
of) functions v G W^^^'P{fl) such that 

|(9"w(x) -(9"w(|/)|P 

Besides the semi-norms | ■ with j G {0, . . . , [rj}, and | • \r,p,n, the space 
is endowed with the norm 

Mr,p,n = (\Mlr],p,Q+Kr,p,n) ■ 

Given j e N and v e W^+^^p{Q), we put 
\Vv\o,p,n=(jjVv{x)rdx) and |Vt;|,,,,n = ( E |V(5"t')IS,,,n) 

The mapping v i->- |VT;|j,p,f2 is a semi-norm in equivalent to 

I ■ 

We shall use the following definition of the Fourier transform i) of a 
function v e Li(M"): 



We refer to standard textbooks for the properties of the Fourier transform 
and their extension to the space »S'(M") of tempered distributions. We just 
recall the following result: 

(2.2) e cS'(M"),Va e ^1"'^^^ = d^v. 

3. General results for p e [l,oo) 

As mentioned in the introduction, for a smooth bounded domain Q or 
for Q = R", we are interested in obtaining the following limit: 

(3.1) limai-^(l-a)>|f+,,,,^, 

with t e {0+, 1"}, k e {0,1}, I e N, p e [l,oo) and v belonging to a 
suitable Sobolev space. For fl — R", we shall study the cases {i, k) = (0"*", 0) 
and (1~,1), whereas, for Q bounded, we shall consider the cases {i,k) = 
(0+, 1) and (1^, 1), taking into account that limo-^o+(l — o") = 1. The limit 
corresponding to any other combination of i and k follows trivially from the 
above cases. 

Theorem 3.1. Let be a bounded domain in with a Lipschitz-continu- 
ous boundary. Let p e [1, oo) and I e N. Then, for any v e VF'+^'^(Q); 

(3.2) \im_{l - a)\v\l,^^^^ = p-'K,,^\Vv\l^^, 
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where 



(3.3) Kp^n = / \uj ■ u]^ duj, 
V being any unit vector in M". 

Proof. The case / = is a result by Bourgain, Brezis and Mironescu (cf. [5]). 
For the sake of completeness, we just clarify here some details of their proof. 
We use, however, the notations in [B], which are slightly simpler. Let {ps)e>o 
be any family of nonnegative functions, contained in Ll^^{0, oo), such that 

/ Pe(t)t""^ dt = l, Ve > 0, and lim / peW'^ dt = 0, V5 > 0. 

JO e^OJs 

It follows from Theorems 2 and 3 in [S] that, for any v G W^''^{VL), 

(3.4) hm / M^In^M^p^d^ -y\)dxdy = Kp,,\Vv\lp, 
s^ojQxn \x — y\P ■'■ 



where Kp^n is defined by 03. 3p . Let us choose the family {p£)s>Q given by 

Peit) 



ed'H^-"^, if t < rf, 
0, if t > d. 



d being the diameter of Vt. Then, (13. 4p becomes 

\v{x) — v{ii)\P 
inxQ \x — y\ 



Mmed-^ [ M^^;M!dxdy = Kp,^\Vv\l 
e^o Juxn \x — y = 



which implies 03.21) . for Z = 0, if we replace e hj p{l — a). 

Let us now consider the case I > 1. Since the Zth-order derivatives of 
functions in ^^'+^-^(0) belong to W^'P{n), by the case / = 0, for any v G 

W^+^'P{n), we have 



lim (1 - ^)\v\l.,p,n = lim (1 - ^) E 

\q.\=1 

= y: iim(i-^)i5"^r.,p,n 



Y: p-'Kp^n\V{d^v)\l^^^ = p-'Kp,r.\Vv\l,: 
\a\=l 



which yields (E2D. □ 

Remark 3.2. Let us provide the explicit value of the constant Kp^n given 
by 03.31) . Since the definition of Kp^n is independent of the unit vector z/, we 
can take u = (1, 0, . . . , 0). On the one hand, we have 



/ \xi\Pdx= C([ f'-^kuA^ diJ]dt 

Jxl+-+xl<l Jo VJ5„_i / 

' du^ f'-^+Pdt 



io-ufduj] I t^-'+Pdt = ^^. 
Sn-1 ' J Jo n + p 
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On the other hand, 

/ Ixil"^ dx = / Ixil^l / dx2 ■ ■ ■ dxnjdxi 

Jxl+---+xl<l J-l \Jxl+--+xl<l-xl / 



.1 ['&-'^/^l-tY^-'^/Ut = 'd^.,B 
Jo 



p + 1 n + 1 
2 ' 2 



where "dn-i is the volume of the unit ball in R" ^ and B is the Euler Beta 
function. Hence, 



(3.5) Kp,„ = (n+p)^9„_i5 



p+1 n + l\ _2n''''-^^/^T{{p + l)/2) 

r{{n + p)/2) ■ 



where F stands for the Euler Gamma function. Although Theorem 13.11 only 
requires the value of Kp^n for p > 1, the above expression is valid, in fact, 
for any p > 0. □ 

Theorem 3.3. Let p e [1, oo) and I E N. Then, for any v G W^+^'PiW), 

(3-6) lim (1 - fT)|t;|f+ = P~^^P,n|Vi;|f jgn, 

cr — ^1 

where Kp n is given by (13.31) . 

Proof. This result, for / = 0, is usually credited to Bourgain, Brezis and 
Mironescu [5J, since it is implicitly contained in their paper. It can be proved 
from Theorem 13. 1^ first for smooth functions with compact support and 
then, by density, for any element in W''~^^'^{M.'^). An explicit proof is given 
by Milman [131 Subsection 3.1], but without providing the precise defini- 
tion of the constant Kp^n, which can be deduced from Karadzhov, Milman 
and Xiao P, p. 332]. The case / > is identical to that in the proof of 
Theorem 13.11 □ 

Theorem 3.4. Let p G [l,oo), / G N and ao G (0,1). Then, for any 



(3-7) £m a|t;|f+,,p,K" = ^YX^'""'''^'""' 



Proof. Maz'ya and Shaposhnikova proved in [121 Theorem 3] that (11. 2p holds 
for any v belonging to \Jq^^^iWq'^(M."'), where Wq''''{M."') stands for the 
completion of C^(]R"') with respect to | ■ |o-,p,R" (which is a norm in this last 
space). The condition on v can be relaxed to f G Uo<o-<(to W^'-^'iMT') for some 
(To G (0,1). Likewise, since C^(M") is dense in W'^iW^) with respect to 

II ■ IU,P,M" = (I ■ lo,p,M" + I ■ l^,p,M")'^''' ^^^^ W^'^iW) C W^'^iW). 

Thus, taking into account the embedding W'^'PiW) ^^'''^(R"), if do > a, 
and that \Sn-i\ = 27r"/VF(n/2), we conclude that, for / = 0, ([32D follows 
from Maz'ya and Shaposhnikova's result. 
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Now, let US assume that / > 1. Given v G W'''^"°'P{M.'^), it is clear that 
any Zth-derivative d°'v belongs to iy^'^'P(M"). The case I = implies that 



^ v\ 



lim a|t;|f+,,p,Rn = lim a J2 \9° - ,a,p,j 

\a\=l 



The theorem follows. □ 

As we shall next see, there exists a qualitative difference in the behaviour 
of |f |;+o-,p,n as 0" — )■ 0"*" depending on whether Q is R" or a bounded set. The- 
orem [231 implies that the blows up to infinity (except 
for polynomials of degree < /) as a — 0"*". However, for a bounded set Q, a 
priori, the semi-norm |f |/+cr,p,n may remain bounded. In fact, this is always 
the case. Even more, as cr — 0^, that semi-norm tends to Dini's semi-norm 
\v\i,-Dmi{p),n, defined, following Milman [13], by 



IP 

U,Dini(p),Q 

\a\=l 



^ f \d''v(x) -d^'viyMP , , 
> / j j ax ay. 

'nxQ \x — yy' 



Let us state and establish this result. We borrow the arguments from Mil- 
man P3| Theorem 3 and Example 2]. 

Theorem 3.5. Let Q be a bounded domain of M" with a Lipschitz con- 
tinuous boundary. Let p G [l,oo), / G N and ctq G (0,1). Then, for any 
V G W''^'^°'P{Q) , we have |f |i,Dini(p),n < oo and 

hm \v\l+a,p,n = \v\l,Dim(p),Q- 

(T-S>0+ 

Proof. As in previous results, it suffices to prove the case I = 0. Let R be 
the diameter of Q. We consider the bijective linear mapping F : — > M" 
given by F{x) = Rx and we write Q = F^-^^Q). Since R = diamfi, it is 
clear that diamfi = 1. Thus, 

V(T G (0, (To), ^x,y eQ, 1 > |x - yl" > \x - yl"". 

Consequently, given -0 G 14^'^°'^ (fi), we have 

Va G (0,(To), ^<\v\'' ^<\vf ^<oo. 

Hence, by the Lebesgue's Dominated Convergence Theorem, we get 

f \v(x^ — v(v')\^ 

lim \vF - = lim / — ; dxdy 

a^o+' 'a,p,n a^o+ Jnxn Ix-yl^'+P" 



\vixi — V 



p 



_ _ lim — ; — ; dx dy 



\v[xi — V 



p 



■ dx dy 



IP 



/HxC \X - y|" '0,Dini(p),f7 

Now, for any v G W^'^°'P(fi), the function v = v o F belongs to W^^'^i^Q), 



smce 



I ii-rOiPii' I io-o,p,f2 
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Likewise, 



and, for any o G (0, ctq) 



|^^|0,Dim(p),f7 - ^"^^l^lo,Dim(p),n 



From these relations, we deduce that |f |o,Dini(p),Q is finite and that 

J_im = jnn = ^"/lt)|o,Dini(p),n = l^lo,Dini(p),Q. 

The proof is complete. □ 

Remark 3.6. It is worth noting that, under the conditions of Theorem I3.5[ 
the arguments in its proof lead, in general, to the following bound: 

Vi; G |t;kDini(p),n < R''\v\i+.,p,n < R''°\v\i+a,,p,n, 

with R = diam Q. □ 

Remark 3.7. By a change of variables and Fubini's Theorem, it can be 
seen that 



p 



|^|0,Dmi(p),Q = ^ / 7 



1/p 

^ /o t 

where uJ{v, t)p is the averaged modulus of smoothness, given by 
ZJ{v,t)l = t-^ [ \A,v\l^^^^dh, t>0, 

J\h\<t 

with Ahv{x) = v{x + h) — v{x), if x,x + h E Q, and Ahf{x) = 0, other- 
wise. Hence, for / = 0, Theorem 13.51 establishes that, for any v G 
the function uj{v, ■ )p satisfies a Dini-type condition. Analogous comments 
can be made for / > 0. This justifies the name given to the semi-norm 
I ■ b,Dini(p),n- Likewise, since cj{v, t)p is equivalent to the usual modulus of 
smoothness u{v,t)p = sup|;j|<j| A/jf |o,p,n, Theorem 13.51 comprises as a par- 
ticular case the result given by Milman (cf. Example 2]). □ 

Remark 3.8. The semi-norm | ■ \r,p,R" can be normalized as follows: 

(3.8) ['y]r,p,R" = ^a,p\v\r,p,R", 

where a = r — [rj and 

i/p 

^ I ( rrl I — rr I 



(a(l-(T)) if a G (0,1), 
1, if a = 0. 



Then, the semi-norm [-Jr.p.K" is continuous in the scale of Sobolev spaces 
in the following sense: 

Vr > 0, Vt; G W'^iR'^), lim [vl,p,Rn ^ [v]r,p,Rn, 

S— ^7 

Vr > 0, Ve > 0, \/v G \im\vl,p,Rr. ^ [v]r,p,u^, 

where the symbol ~ means that there exist two positive constants Ci and 
C2, independent of v, such that 

Cl[v]r,p,R« < lim [v]s,p,R« < C2[v]r,p,Rn. 
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In fact, if r ^ N, both lateral limits are equal to [tiJr.p.R"- For r G N, these 
relations are direct consequences of Theorems 13.31 and 13. 4^ whereas, for 
r ^ N, they come from the Lebesgue's Dominated Convergence Theorem. 

For a bounded domain C with a Lipschitz continuous boundary, 
we could also consider the normalization [f]r,p,Q = ^a,p\v\r,p,n- But, due to 
Theorem 13. 5^ for any r G N, we would get 



s— >-r+" 



Ve > 0, Vt; G lim [v 

s—^r+ 

which is quite unnatural. A better normalization is 

with cr = r — \r\. We now have: 

Vr > 0, r ^ N, Vt; G VV^'^in), \im_\v]s,p,n ~ Mr,p,n, 



s—^r 



Vr > 0, V6 > 0, \fv G W^+^'^iQ), hm M.,p,n ^ { I'^^J 

\v\r,Dim(p),n, if r G N. 



Observe that, given r G N and e > 0, the semi-norms | ■ |r,Dini(p),n and 
I ■ \r,p,n are not equivalent on W^'^'^'^^Q) (| ■ \r,Dmi(p),Q is null for polynomials 
of degree < r, while | ■ \r,p,n is null only for polynomials of degree < r — 1). 
Consequently, the semi-norm [ ■ ] r,p,n is not right- continuous for r G N. □ 



4. The particular case p = 2 

The purpose of this section is to provide an alternative proof of The- 
orems 13.31 and 13.41 based on the Fourier transform. We start with several 
preliminary results. 

Lemma 4.1. For any n G N and a G (0, 1), there exists a positive constant 
G„^n such that 



(4-1) VeGR^ ^^rf2/ = G.,n|ei 



\n+2a 



2 

2a 
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Proof. The relation (14. ip is obviously true if ^ = 0, so let us assume that 
^ ^ 0. Let z/ = ^/|^|. We have 



e 



2 



\y 



n+2a 



dy 



2 



1^1 " / I (change x = \^\y) 



r ( /•+00 \pipv-uj _ 1 |2 \ 



i^i2rT /■ / /■+°° 2(1 - cos(p|z/ • wl)) , \ , , . , 
1^1 X^^A/o '^^ ^Pj^^ (COS IS even) 



= leP'^/^ J^-c^r^ (r°° ^^V+'-"'^^ (change t = p|z..c.|) 

where K2a,n is given by (13.31) with p = 2cr and 

/ X /■+°° 2(1 - cost) , 

(4-2) = / ^--^ cit, 





which is convergent for any o G (0,1). It then suffices to take G^^n = 

Remark 4.2. For any n G N and a G (0, 1), let us show that 

27r("+^)/2r(a + 1/2) 
^ ' r(a + n/2)r(l + 2(T)sin(7ra)' 

Integrating by parts in (14. 2p . we get 



, sin t , 1 /■+°° sin t , 
+ / dt = - -— dt. 

(Tt^" a Jo t2<7 





This last integral can be computed in several ways. For example, the cases 
a G (0, 1/2), a = 1 and a G (1/2, 1) are covered, respectively, by relations 
3.764.1, 3.741.2 and, after an integration by parts, 3.764.2 in Gradshteyn 
and Ryzhik [8j. Using well-known properties of the Gamma function, as well 
as the identity 

T{z)T{l- z) = z^Z, 
smnz 

we finally derive that 

(4.4) = — — -, 

^ ^ r(l + 2ct) sin(7r(T) ' 

Since Ga,n = K2a,nM„, this relation, together with fl3.5p . implies 04.31) . □ 
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Proposition 4.3 (C. Goulaouic). Let a G (0,1). Then 

(4.5) iy"'2(M") = l2(M") n ff"(M"), 
with 

(4.6) H'' = iv (1 S\W^) veLURl, f le^'imi' < 
In fact, for any v E ^"^'^(IR"), 

(4.7) l^^l^,2,M" = (27r)-"G.,„/ le'-lviOl'd^, 

JR" 

where Ga,n is the constant given by Lemma 

Proof. Let v G L^(M"). We first remark that v is, in particular, a tempered 
distribution and, by Plancherel's Theorem, v G L^(]R"), so {) G Lj'Qj.(]R"). 
Thus, to prove (14. 5p . it suffices to see that the semi-norm |f |o-,2,ir" is finite if 
and only if the integral /ign|^P'^|'0(OP is finite. But this is a consequence 
of (14. 7p . So let us show that 04.71] holds. To this end, we follow the reasoning 
of Goulaouic [3 p. 101]. 

For any y G K"', the Fourier transform of the translated function x i— )■ 
v{x + y) is the function C, e*^'^ ^(0- Hence, by Parseval's identity, we have 

/ \v{x + y) - v{x)\^ dx = {27ry f \v{0\^\e'y^ - d^. 

Then, by Fubini's Theorem and Lemma [4. 1^ we finally deduce that 

\v{x + y) — f (a;)p 



|2 



o-,2,R" ~ / I \n+2a- dx dy 



2 



(2vr)-"L|€(OI1 L:-y^dy\di 



= (27r)-"a,n/ \ir\m?di, 

JR" 

which yields f l4.7p and completes the proof. □ 
Lemma 4.4. Let oq G (0, 1). Then, for any v G W''°'^{W''), 

hm / \^nv{0\' d^ = {2rcr\v\l,,, 

CT->0+ JR" ' ' 



Proof. Let v G W'^'^iW"). For any a G (0,(Jo], let us consider the integral 
L = k^gaiOd^, where g,{0 = (1 - This integral is well 

defined: since v G Vr''0'2(R"), v also belongs to ^^(M") and W''''^{W), so 
{) G L2(M'^) and, by Proposition 131 e i/''(M"). 

Let r and R be numbers such that < r < 1 < R. We set 

/<x = / (7.(0 d^+ [ g^iO di+ I gAO d^ = Ji + J2 + Js- 

J\i\<r Jr<\^\<R J|5|>/? 

Let e > be given. Let us show that we can choose r, R and a G (0, (Tq) 
such that I Jo- 1 < e. We have 

|Ji|</ KOI'^e 
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Clearly, | Ji| < e/3 for r small enough, since v G Moreover, 

J\£,\>R A(\>R 

and the two terms on the right member are arbitrarily small when R is 
large enough, the first, because v G L^(]R") and the second, because, by 
Proposition 14. 3^ v G H'^°{W^). So, \ Js\ < e/3 for R sufficiently large. Once 
r and R chosen, it suffices to take a small enough to achieve | J2I < £^/3. 
The preceding reasoning implies that 

hm / ga{Od^ = 0. 

Consequently, taking Plancherel's Theorem into account, we conclude that 

hm / \^\'-\v{0\'d^= f \m\'d^=i^rrr\v\l,^^.. □ 

Lemma 4.5. For any v G W^''^{W^) , 

lim / \^nm\' d^ = i2^mv\l2,R- 

a^l- JR" 

Proof. Let v G Vr^'^(]R"). For any a G (0, 1), we now consider the integral 
la = /Rn (7.(0 d^, with ^,,(0 = (leP- lel'") 1^^(01'- It is clear that |J,| < 00: 
on the one hand, the embedding W^''^{W^) W'^''^{W^) and Proposition H? 
imply that v G if (M"); on the other hand, since v G W^'^(W^), 



(4.8) / ieri^)(orrfe= E / e'lmi'd^ 

JR" 1/31=1"''*" 

= E / \^^^m\'d^= E / i^^(Oprfe 

= E(2^r/ |5^^(a:)prfa;=(27rr|Vt;|^,2,R", 
rr^-, JR" 



=1 

which is finite. 

As in the proof of Lemma 14.41 we set 

Ia= f 9ai0 di+ I gAO di+ I gAO d^=Jl + J2 + J3, 

with r and R such that < r < 1 < R. Let £ > be given. Clearly, we have 

|Ji| < 2 / m)\'d^ and IJ3I < 2 / 10X01'^?^ 

Then, the assumption v G W^''^{W^) implies that r and R can be chosen in 
such a way that | Ji| and | J3I be < e/3. We have just to take a sufficiently 
close to 1 to achieve | J2I < £^/3. Consequently, 

hm / gAOd^ = 0. 

(T-i>l+ JR" 

From this relation and fl4.8p . we finally derive that 

hm / \e''\m\'d^= [ mm\'d^ = i^^mv\i,^^.. □ 

a^l- JR" JR" 
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We are now ready to prove the main result in this section, which estab- 
hshes Theorems 13.31 and 13.41 in the particular case p = 2. The reader may 
want to check that the constants on the right-hand side of (13. 6p and (13.71) 
are equal, for p = 2, to those in (14.101) and (14.91) . respectively. 

Theorem 4.6. Let I e N. 

(i) Let ao G (0, 1). Then, for any v G Vr'+'^«'2(M"), 

(4.9) lim (T|f|?,„am„ = — — r^|f|?9iH.n. 
V J ^^^^ I \i+a,2,R r(n/2)' "'^'^ 

(a) For any v G W^^^'^{W), 

(4.10) \im_{l - (T)|t;|f+^^2,M" = ^r(n/2) 

Proof. Let us first assume that / = 0. It readily follows from (14.31) and the 
continuity and properties of the T function that 

lim crGcr,n = 7T7 — ]—r and lim (1 — a)Gcr,n 



,^0+ T{n/2) a^i-' ^ nT{n/2) 

Consequently, by Proposition 14.31 and Lemma [4. 4[ we have 

27r"/2 



lim = lim a(27r)-'"G.,„ / l^^mi' 

Likewise, by Proposition 14.31 and Lemma 14.51 



r(n/2) 



\v 



2 
0,2,] 



liin {l-cr)\v\ly 



= lim(l-a)(27r)-"G.,„/ \^\^-\v(^)\^ = ^^^\Vv\l,^^.. 
cr^i- jR" nL[n/2) 

The reasoning for / > 1 follows the same pattern already shown in Theo- 
rems E31 and E31 □ 



In the proof of Theorem 14.61 and the preceding lemmas. Proposition 
plays a fundamental role. This result can be extended to characterize the 
space W^''^{W^) for any r > 0. Although it is not required here, we include 
such an extension in this section for the sake of completeness. 

Theorem 4.7. Let r G [0,oo). Then 

(4.11) = L2(R") n H'iR''), 

where if^'(]R") is given by (14.61) with r instead of a. Moreover, for any m G N 
and s > such that r = m + s. 



(4.12) W''^{W) = L^iW) n X'^•^ 

where X'"'" = {v e P'(M'^) I Va G N", |a| = m, d'^v G i?"(M")}, ViR"") 
being the space of distributions on M" . 
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Proof. We put r = I + a, with / = [rj and a G [0, 1). Let m G N and s > 
such that r = m + s. We remark that m < I. 

Since L^{W) C 5'(M") and ^^(M") c ^Ll^"), it is clear that 



(4.13) L\W) n H'{W) = \ ve L^^™"^ 
and 



Va G N", lal = m, 



(4.14) L2(M") nX'"'" = G 

9^ G LL(M") and / |e|'1^(OI' < ooj. 

JR" J 

We divide the proof into several steps: Steps 1 and 2 prove 04.111) . whereas 
Steps 3 and 4 estabhsh fITOD . 

Step 1: iy'-'2(M'^) c ^^(M") n i?^'(^"). 

Let V G iy'''2(M"). By dHSD, we have just to show that /Mn|^P^|'i)(ON^ 
is finite. Let us first consider the case a G (0, 1). Every Z-th derivative d^v 
belongs to iy°"'^(]R"). By Proposition 14. 3^ we have 

E C) I \i?''\d^<0? di = E fO(2vr)"G-^|9"t;|^,2,R. 



|a|=; \"/ \a\=l 

< M(27r)" G;,i E l^"^l',2,M" = M(27r)" G-;,|t;|,%,i,„ < oo 

\a\=l 



with M = max|(^^^ a G N", |a;| = /|. If a = 0, the above reasoning 
is still valid, taking Gcr,n = 1 and using Plancherel's Theorem instead of 



Proposition 14.31 

Step 2: L2(M") n ^^(M") c W^^iR""). 

Let V G L2(]R") n ^'■(M"). For any a G N" such that |a| < /, we have 



|/3| = |a| \ P . 

Consequently, = i'^'.^^'O belongs to L^(]R"), since 

JR" "'I?I<1 "'I5I>1 

< I \v{i)?di+ 1 \ir\m?di<^. 

JR" JMP 
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We deduce from Plancherel's Theorem that v G W^''^{W^). If ex e (0, 1), we 
still have to see that |f |r,2,R" is finite. But a reasoning analogous to that in 
Step 1 shows, as desired, that 



|2 

lr,2,] 



Step 3: ^^(M") nX"-^ c W'^'^iW). 

Let V e L2(]R") n X"'^'. Then, taking (KWl into account, we have 

/ \eim\'d^= I li^'ie'^m)? d^ 

JR" JR" 

= E M / lire^-m^di 

\a\=m \ / 

= E M / \e'\d^vm'd^<oc. 

a|=m \ / 

Thus, it follows from (KTT\f and (Km that w G Vr'''2(M"). 
Step 4: iy'^'2(R'^) c L2(M") nX™'^ 

Let V G iy'^(]R"). Using (14. Ill) , the reasoning in Step 2 shows that, for any 
a G N'^ such that \a\ = m, d^v belongs to L2(R") C LlcO^"") and 

JR" JR" 

= / \e'm)?di<<^. 

JR" 

We conclude that, by (gUD, G L'^{W) n X™'^ □ 

Remark 4.8. Let r > 0. Theorem 14.71 allows us to endow W^''^{W^) with 
semi-norms defined in if''(R") or X"^'^ . For example, the mapping 

1/2 



|0,r 



V JR" 



is a semi-norm in H'^iW^) (in fact, a hilbertian norm if r < n/2; cf. [T]), so 
it is in W^''^{W^). It follows from steps 1 and 2 in the proof of Theorem 14.71 
that I ■ |o,r and | ■ |r,2,R" are equivalent semi- norms. The equivalence constants 
depend on a, since they contain Ga,n- In fact, taking into account 04. 3 p and 
the continuity of the Gamma function, it is readily seen that, given / G N, 
there exist constants Ci and C2, depending on n and /, such that, for all 
a G (0,1) and v G W^+'^^'^iW), 

Ci\v\q^i+„ < (2o-(l - o-))^/^|i;|i+^,2,R" < C2\v\o^i+a. □ 
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